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Theoretical and experimemtal results for the

dynamic response of preséure measuring systems.

_ -
H.Bergh and H.Tijdeman

Summary

For a series~connection of ¥ thin tubeg and W volumes s general recursion
formila has been derived that relates the sinusoidal pressure disturbance in
volume 3 to the pressure disturbances in the preceding velume J-1 and the next
volume J+1. Prom this recursion formula the éipressions for the complex ratio
of the pressure fluctuation of each volume j to the sinuscidal input pressure
b can be derived by successively putting j = N, N - 1, -—- 2,1, For a single
pressure measuring system (N = 1) and a double pressure measuring system (N = 2
these dynamic response formulae are given explicitely.

Theoretical results for mingle pressure measuring systems are presented
that demonstrate the influence of the different parameters. As an illustrative
example of the double pressure measuring system some calculatlions have been
performed for a system with a discontinuity in tube radius.

Comparison of theoretical and experimental results shows that the response
characteristics of the pressure measuring systems considered can be predicted

theoretically to a high degree of accuracy.
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List'of'éxgbols;

. 1 [T
C
D
C‘V
g
i=4/~1
Jn
k
L
n
n
iy
ivt

mean veloclty of sound

3peoifiq heat at constant pressure
specific'heat at constant volumse

gravity constant

imaginary unit

Bessel function of first kind of order n
volytropic constant for the volunmes

tube length

masg flow

kind of polytropic constant ziven in eqf1)
number of tubes and volunes

total pressure

amplitude of sinusoidal input pressure
mean pressure

amplitude of pressure disturbance
Prandtl number

co~ordinate in radial direction {fig.l)
tube radius

effective tube radius

mean tube radius

gas constant

time

total {temperature

mean temperature

amplitude of %emperature disturbance
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U o= ue”’ velocity component in axigl direction
¥ = velVt velocity component in radial direction
Vv pressure transducer volume
Vt = REL tube volume
T, Neumann function of first kind of order n
x co-ordinate in axial direction (fig.l)
3/2 4 [PgV
a=1 R -ir~ shear wave number
C
Y o= ER- specific heat ratio
v A
A thermal conductivity
m absolute fluid viscosity
v freguency
F=opy + eVt £luid density
Ps mean density
ﬁ amplitude of density disturbance
G

¢, Vv J0<a> T
ao vJ2<a> Vn

subscripss
J

L'

dimensionless increase in transducer volume due to

diaphragm deflection

refers to preesure transducer j or tube j

pressure transducer wvolume
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1 Intgédﬁction;

'Tﬁ éuppért the devalopmént at the NLR of a technique for measuring preg- .
sure distributianﬁon cacillating windtunnel mqﬁels (ref.l) a betfer knowledgei
,of_thé;preSSure'propagation thrbugh thin circular tubes with commected volumeé
wag needed.

The.respdnse of pressure measuring systems to a sinusoidal input pressure
has been considered by several authors. The method of Taback (ref;Z) is based
on the analogy Petween the propagation of sinusoidal disturbancesin electricai.
transmisesion lines and pressure measuring systems. To predict the response of
a pregsure measuring system, Ee uses the propagetion velocity calculated from
the Rayleigh formula combined with measured values of the attenuation. The
fact that the attenuation constants have to be determined experimentally is
one of the main disadvantages of this method.

In ref;B Davis presents asymptotic forme of the dymamic response
formilae that can be used as bamic guides for the selection of a pressure
. meapuring system; In his work a2lso some comparisons with experimental results
are given. Tberall (ref.4) derives the formulae for the dynamic response from
the fundamental flow equations, i;e; the Navier~Stokes equations, the equation
-of continuity, t%g equation of state and the energy equation; The analytical
vart of his derivation has been omitted and no comparison with experimental
velues has been made.

Proceeding along the sazme lines as Therall, the present report gives
the derivation of a general recursion formula for the dynamic response of a
series connection of ¥ tubes and ¥ volumes (fig.2).

From this recursion formula the expreesions for the dynamic response of
a single pressure measuring system (N = 1, fig.3) and a double pressure
measuring system (¥ = 2, fig.4) are obtained and presented explicitely. The
importance of the various parameters is illustrated by numerical examples
representative for applications of the mentiomed measuring technique.

The reliability of the theoretical predictions has been verified by
comparTing calculated and experimental results for single pressure measuring
systems with different tube lengths and radii and for = systen with one dis-
continuity in tube diameter.

The authore wigh to express their thanks té mr;A;C;A;Bosschaart for his

valuable contribution in the earlier stage of this investigation.
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: 2 Thearetical investiggtion.

_ 2 1 Ganeral solution.

The motion of the fluid in a tube with a circular cross-section can be
fdescribed by the fundamental flow equations, i. e., the Navier-Stokes equatioﬁs,l
‘the equation of continuity, the equation of state and the energy equation that
gives thé balance between thermal and kinetic energies (see appendix).

_ _' As:oﬁly the behaviour of sinusoidal oscillations in a fluid withdut
'sféady~veloeity component ars considered it can be assumed thati

p = P + p eivt P = Pg *+ P eivt, T = T + 7 eivt, ﬁa;évt and ¥ = v eivt.

Where u and v are the osclllatory axial and radial velocity componants respec—
;'tively. - '

: Furthermore agsuming thate

- the ainusoidal disturbances are very small

| - the internal radius of the tube is small in comparison with its

“5iength
< the flow is laminar throughout the system
' the menfioned equations can be simplified considerably.

, Mo solve the unimown quantities p,p,T, u and v the following boundary
conditions have been prescribed. At the rigid wall of the tube the velocity
components u and v must be zero. Tue to the axial-symmetry of the problem the _
velooity component v must be also zero at the centerline of the tube. At the
wall T has been taken zero,; supposing the heat conductivify of the wall being
so large that the temperature variations at the wall diaappear.

' The latter condition, that gives a good representation of what happens in
reality, has the advantage that it is not necessary to siudy in detail the heat
exchange between the fluid within the tube, the fubewall and the environment.

For a tube of finite length the solution of the linearized flow equations,
that satisfies the former boundary conditione has been given in the appendix.

The two remaining constanits can be determined by specifying the boundaxry
conditions at both ends of the tube. That means that at the sntrance of tube

j the pressure variation must be equal to the given pressure disturbance
ivt

3 -1° ¢ While at the end of the tube, where the volume J is connected, the
increage of rmass of the pressure transducer must be equal to the difference

in magg flow leaving tube j and the mass flow_enterlng tube j + 1.




_hat'the preeeure expansion takee plece polytropically.

.a,The ranedueer velume hae been defined by v, (1 +@3 pﬂ ivt),'where“f“ i
_ i |

G} ie a &imaneionlees factor giving the increase in volume due to diaphragm
;dafleetion' Thie‘formulatien ie valid if the resonance frequency of the

’diephragm is 1arge in comparison with the frequency 1Jof the pressure fluctuan'
tiOno ’f‘ ’ ‘ ‘

2. 2 Seria 'eonnection of ¥ circular tubes and N‘volumee. . o
'” Fo %e eeriee cannection of ¥ tubee and ¥ volumes (soe fig.E) a recursion

'-fermulahhee_been derived that relates the - einueeidal pressure disturbance in
volume 3

'end_the

/0 the einusoi&al pPressure dieturbqncee in. the preceding volume j -1
"velume 3+1a '

- fh rivation of thie formula ie given in the appendix. The result img
. . . . v - : ;.M,
f“r’j-f-=coeh<¢)L>+—-i(6‘+}~)nci> ﬂnh<¢L.>+
Psiq | ik 3
3 t 3
| jﬂcpjﬂ Ly Jo< oy J2<ccj+1> sinh <¢ij>
+
'tj b5 Ty To<%yn> Tp<ay> sInhdggTy0>
' -1
| h<d, o LoD - D (1)
O <95 Ty T
RV [T <o '
with ¢j=a '\/JG(J) )\/ﬁﬁ
: 'Oj 2 ] 3
Py Vv
aj = iV¥i Rj _“j___, the mo-called shear wave number, being a measure
J of the wall shearing effects.
[ _,,1 CmnTT
R <a VE.>
n, = 1 + it

4j 'n» Jo<aj ‘\('fr;»
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From formula (1) the expressions for the complex r&tio of the pmeseura :
fluctuation in each transducer 3 to the sinusoidal input pressure p ~can be
derived by successively putting j = ¥, B-1, vis 2 1. o

" Tt appears that a solution identical to (1) is obtained if the equation
of state and the energy equation are replaced by the pol&tropic relation
-1

E‘n = constant, with n = [ 1 .-rr" 1 iz < Zj ' Bi‘> 1
P T o < %3 VP>

Evidently the pressure expansjon-in tube j cén-be interpreted as =& poiya
tropic process with a polytropic factor :

-1
_1 T < @ VED

L
n,= | 1+ e
Asymptotic values are lim n, =1 and lim n 'r 5 corresponding to
: ajaw-o aj—ana,

isothermal and isentropic conditions respectively. In fig.& the factor n is
given zg & Tunction of the parameter a'VPr.
It will be remarked that by putiing Vv = o expression (1) offers the

| J
poesibility for caloulating the dynamic response for a system with a
discontinulty in tube radius or in temperature.

2.3 S8ingle pressure measuring system (fig.3l)

The BHrmula for the dynamic response to a sinusoidal pressure input p0 of
a system consisting ofme tube connected at the end to the instrument volume

V& can be derived immediately from the general recursion formuzla by putting
jElea

The result yleldss
-1

' P1; vv 1
5——: [cosh ((#)L}-i- {T_(G‘+ EA)H¢LBiHh<¢L>] (2)
0 t

/It can be shown easily thet the expression {2) is identical to that derived by
| Tberall (ref.4) for the complex attenuation of the fundamental.

Th the case of an inviscid isentropically expanding fluid in the tube {u = o}

n= K)
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""""'—J —— e ] and the formula for the pressure ratio becomen
2 <a > e N ] FoS ST - :
- -1 S
i YL s _ . Ly dL AR
5, \-. cos < 2 > ’5‘ 7, (6’+k- ) y giné as >] (3)
From eq(3) it follows that resonance will occur if
M IL Ty 1, YL Nl
cotg <;—->=’K~§:—(G’+E)a~- (4) -
0 t o :

In the limiting cases V_= o and Vv' =¢cd eq(4) yields the well knewn

organ pipe resonance formulas for a closed =nd open organ pipe.

VLo YV 28 +1 %o
V, = ot cotg < & >= o, that means 5% = 7 T (8 = 0,1,2,04.) |
: | (5)
YL .. Y _ 8 o .
V, =%z cotg < a >=00, that means =5 T {s 1,2;‘?&5..“)

2.1 Double pressure measuring system (fig.4).

Using the recursion formula (1) for the system formed by a series conneo—
tion of two systeme as treated ebove the following formulae for the dymamic
response of thie system are obtaineds

v -1
P2 Vo 1
J = 23 5;= [cosh <¢2L2> + n2*{f—t—- (G'z + gg) ¢2L2 ginh <¢§L2>] (6)
2
T VV
e 1p L o L L '
J= 1s 5 [:cosh <¢1L1> + ny v%, (Gl + kl) (1)1L1 ginh <¢1L1> + .
Vo 8201 7o <> T <%> gy s p
e T 7. <@ T <u inh < S cosh<g, L, > ~ 5'2"' ] (1)
t1¢120<2>'2<1> . PR 1
P2 132 Pl
The complex pressure ratio ==~ = — . == can be found from eq {6) and (7)
' Ps Py Po
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3 ‘Theoreiical results.

3.1 Calculetions.
.Besiﬁeéfoalculations for comparisen with experimental results»(see gection
5) a number of specific cases has been calculated to show the influence of
differeﬂtzparameters on the dynamic response of a pressure measuring system;
From thejtheoretical expreesions it can be meen that the dynsmic response
depends @fie following parameterss: '
geometric parameterss
R = tube radius
L = tube length i
_ V§= vrressure transducer wvolume )
@ = dimensionless increase in transducer volume
 due to diaphragm deflection

physical parameterss .
k = pelytropic constant for the pressure expansion

in the transducer wvolume
M =-mean temperature '

P~ mean pressurs

I+t must be noted that the quantities Vv,éf and k only appear in the combination
v, (G + %'); a variation in one of these parameters separntely can be expressed
ag an eguivalent variation in one of the otheras.

The cases given in table 1 have been calculated to demonstrate the
influence of the mentioned parameters on the dynamic response of the single
presgure measuring system of fig.3.

Ae an example of a double pressure measuring system, the dynamic response
kas been calculated for a system with a discontinuity in tube radius (fig.5).
The different cases that have been considered for this system are summarized
in table 2.

3.2 Discussion of theoretical resulis,

a _Influence of the different parameterss

The results of fig.9,10 and 11 show that in most cases, just like in organ
pipes, resonance peaks occur. As could be expected it appears that for a given
length a wider tube produces higher resonance peaks than a smaller one.
Lengthg%ng a tube of a given diameter resulis in lower resonance peaks at

smaller values of the ffequency. Furthermore for certain combinaiiomsof L and R




; A,bre will be very ama11¢ Tha extreme valuas of the facter. k are 1 and 1 4§
i;.erreSPonding respectively to 1sotherma1 and isantropic presgure expansion in
_.the instrumsnt vulume‘ Fig‘13 shnws ﬁhat this faotor only has a amall influanee
;'gn the response characteristic.; N ; _ : :
The variatiana of the mean pressure p, that have been: coneidered appaar D
' to have a Btrang influence on the dynamic response of a pressure measuring
"system (f1g414) "A waristion in mean temperature between 0% and 30 c does not

: have mich’ effect (see fig.15).

‘b §g§tam with &ﬁiscantinuitv in tube radiuaq - Pt
Tha results ﬁw the glven systems with a discontinuity in tube radius show some
-_ramarkahle faets. Fron fig.lé 17 and 18 it can be seen that a wider second

tube doaa not always have a favourable effect on the dynamic repgnee. A smaller

seccnd tube ‘on the contrary does not always act unfavourable.

1 This can be explained as followss For a system consisting of a smaller tube._ _
. followed by a wider one, the latter tube is more sasy to Overoome . for a pressurﬁ
{disturbance due to relatively smeller effect of wall friction. Om the other
hand the wider tube acts like a kind of additiomal volume, thus reducing the
output- of the first tube. This two opposite effects are responsible for the
final behaviour of the total system¢ The same effects, but working in opposite
gense, are responsible for the behaviour of a syetem of a wider fube followed
by a smaller one.

1I% will be clear that by changing the lengths of the two connected tubes also .
the ratio of the mentioned effects will be changed,thus giving other response
characteristica. -
From fig.l1l9 and 20 it follows that a restriction at the entrance of a2 tube
generally results in lower walues of the amplifude -~ retio than in the came of

8 restriction a8t tha end, of the tube. Also in these figures it can be seen

that changing the 1angths of the restrictione gives other response characteris-
tice. By proper selection of the ratio of tube lengths and of the ratio of tubs
diemeters, a response cherac teristlic can be obitained which is most suitable for
a given purpose. In practice however one must be careful, because the disconti~
nuitiEE ﬁn the tube offer the poseibility of non~linearities.
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4 Experimahialfgnvestigation.

4 1 Test pregram¢ : e
To lget an imsight into the reliability of the theoretical formilae an
experimental investigatlon hag been performed for a series of tubes of various 
dimensions (see table 3 and 4). Except the two longer tubes, which are of
plastic, all the tubes are made of stainless steel. With the aid of ‘the
squipment de-cribed in section 4. .3 the dynamic responges have been measured
in the frequencry range 10 £ vg 200 c.p.s. At the entrance of the systems a
sinugoidal pressure disturbance of about 65 kg/h has been applied. To
investigate the linearity of the systems with a discontinuity in tube radius
two walues of the input premsure P, have been usged.

4;2 Determination of tube radius and pressure transducer volume;

The dynamic response of a pressure measuring system is véry sensitive
$o0 small variatiohs in tube radius. This implies that it le necesgary to have'
an aceurate method for determining that internal radius of the thin tubes. Tn
the present invastigation the mean tube radius Rm is determined'aa followss

1) by weighing- the tube empty and measuring the mean externmal diameter. From
the tﬁbe‘weight, the specific weight of +the {ube material and the external
diameder the mean wall-thickness can be ocalculated.

2) by weighiag- the tube empty and filled with water. The mean radius L
than can be calculated from the increase in welght.

_[tube length Rm(method 1) Rm(method 2) Rm(used in calculations)
Resultss | 500 mm 0,519 mm 0,529 mm 0,525 mm
1000 0,490 0,492 0,49
1000 0,792 0,799 0,795
1000 1,092 1,092 1,09
3000 - 0,70 0,70
, 3910 - 0,965 0,965

To determiné‘the volumes of the pressure transducers the test set up of fig.T
has heen used.A variation of Py resulté in a variation of P, and thus in a
veriation of the wvolume of the imstrument plus comnecting glass tube of known
diameter. From the displacement of mercury drop 2 the value of 6 can be
determined. From the displacement of drop 1 the value of V& can ba calculated
with the aid of Boyle's law.
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.4 3 Measuring technique.

The semi-autometic measuring system, which has been daveloped et the NIR
to enabla a quick determination of a large nunber of pressures on oscillating .
windtunmel mcdels.(ref.l) has been used to perform the present experiments.

A block;diagram of the eguipment is drawm in fig.B;'In the electro-dynamically
driven pressure gensrator a harmonically varying pfeasure with amplitude p
and frequency 9vis gomerated. The signals of the pregsure transducers 1 and 2
are amplified one after the other and fed into the vector compenent resclver,
that decomposes them into one component in phase with the o~degree osecilletor
signal and one in guadrature to 1t. The resolver roJects all signals, except
those, having a fregquency equal to that of the oscillator. The two components
of each signal are measured by a digital valtmeter.

The results p2/p1 have been corrected for the attenuation of the snall
tube, that connects transducer 1 to the internal volume of the preasure
generator; In the Prequency range considered this correction is only of ths
ordér of a few percent.

2 IExperimental results and comparison with theory.

The experimental and theoretical results for = single presgsurs measuring
gystem with different tube lengthe and {tube radii have been plotted in the
figs; 21-26, In fig;27 and 28 the results for the system with a discontinuity
in tube radius are presented.

The theoretical results have been calculated assuming an ideal ftube with
circular crose gection aznd constant internal radius. In reality an axact
measurement of the tube radiuves is not poesible and furthermore loczl deviationd
may occur. 4 comparison of the experimental results with theoretical results
calculeted with the experimentally determined mean tube radius Rm ghows that
in most cases small deviations exist. Tt appears that these differences can bhe
completely cancelled by performing the calculations with an effective tubse
radius R which is only slightly (2-5 °/o) smaller than the mean radius Rm;
The fact that the largeai correction must be applied to the smallest tube
geeme to indicate that the determination of the mean tube radius was not
accurate enough; This is supported by the two experiments with the digconti-
nuous system (fig.27 and 28).

| In the first case the pressure disturbance has been applisd at the

entrance of the wider part of the tube and the pressure transducer was comnecot
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”ed'ﬁb the énd of the smaller one. In the second case the same tube has deen
usged,’ but now in opposlte direction. In bcth cases the same effective radii
| for the two parts must be taken to obtein theoretical resulds thet are in
perfect agreement with experiment. Furthermore it 1s striking that these
values agree with the effective radii of the tubes of the single systems of
fig.21 and 23, that are coming fromqthe same original tubes as the two parts
of the discontinuous syatem. The results with different values of the pressure
input Py ghow that in the range considered non linear effects are hardly *'w_/’
present. o
Finally, since both steel tubes and plmtic tubes give a good agreement"'_
between theory and expeiriment, the tube material =ppears to have no noticeabla

influence.

joN

Conclusions.

From the lnvestigation, the following conclumions can be drawns

1) The respomse characteristics of the pressure measuring systems congidered
can be predicted theoretically %o a high degree of accuracy;

2) Ta the Tonge of applied sinusocidal input pressures the non~linearities are
negligible.

3) The tube materizl does not have any noticedile’ influence on the dynamic
response. |

4} The present theory enables the optimal design of preasure measuring systems
adapted to the NLR technigque for measuring pressure distributions on
rosetllating wind4unnelmodels.
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 APPENDIX.
 DERIVATION OF-TEE_FORMULAE. o
The equations governing the motion of a fluid in 4 circular tube (fig.l)‘ares

(a) 'Ihe NAVIER-STOKES equa.‘bions (for constant value of the a'bsolute fluld visx

cosityu):
- - - - 2— L — = - -
5 8@, 20, -9 _ _ 3, J¥E em 1ed)l,raleE W, T
P ot " Vertliasx Tt 5t o2 tror |t Tax|ox Tor T r )
LD ¥r
OF , - 9%, . BY % . [[2F . 19% 7 3%
- w —
P _at+V'.é-r'+ﬁs;t- 2 - +u{ 2+I‘.DI'--""2-TP ]
L r dx
L2 o, ,ef,%
3 %r [ax+ar+r1} (2)
(b) The equation of continuitys
% , 9B, 36 , [ 20,95, 7. :
‘cﬁ;+u +v'ar 3[3x+”a:r'+ r] © (3)
(¢) The equation of state for an ideal gass
B=PRT (4)
(d) The wnergy equations
- — - 2. 2 - -
sec 128 520 L 2| 4122, 197, 2T}, 8D, ;3 2B
pgcp[‘at+uax+v r:l ?\[ r2+r3r+ax2:] Bt+uax+3r+u¢ (5)

where #: is the dissipation function that represents the heat transfer

due to internal fricthions

- 2 e 2 - 2 . - - -2

, 2. 3% ¥ ¥ , 9B 2 len ®% ¥
4.)_2[:(33{ * (Br) +(r) ] +[Bx ] b3[3x+ar+r-} .
Putting

(6)

< S g8 oa
]
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and assuming thats:

-~ the sinusoidal disturbancesare very small
~ the internal radius of the tube is small in comparison with its 1ength
~ the flow is laminar throughout the system

the eqe (1) to (5) can be simplified tos

1 2p .4 D u 1 du
IS e +4 — Prodiy -l 6
v Py ?x ps{.ar2+r3r (6)
.3 ,
° or : (0
- W ¥ ¥
ivp = - pg [Bx dr 1 ] (8)
= _[__ (1 + E_E_ -T—) or = (p "- T? T) (9)
g ) T P p E Psy
a 8 a
0 o
' 3 »°7 . 197
i\JpSg Cp T = ['-a*'-—- + ;“-E:} + 19D . (10)
T
The unlmown quantities p,p,T,u znd v must satisfy the following boundary
conditionss .
At the wall of the tube (r = R)s
gero radial and axial velocity, i.2.8 u = 0 § v = o (11)
The conductivity of the well is supposed %o he so large thot the
variation in temperature =% the wall will be zeros T = o o {12)
At the center of the tube (r = )3
Tue to the axial-symmetry of the problem: v = o (13

A further requirement is that the values of u,T,p and p remain finite

Qeneral solution:

Trom eq.7) it follows that the emplitude of the pressure disturbance p is
o funetion of the xcotrdinate only,

7q (10} can be written ass

aw
4

B o r 1 %9r]. B
T T ‘5":6'] 058 Cp (14)
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In'broducing the notation o = 13/2 u and P = _—Rﬁ - {ths so-callad

Prc.ndtlﬂnumber) and putting T = fex> h<n> ’ Where g = -- VP ? equation
(14) readst

2
dhce> 1 dh\<1?5>+}1 D 1
<m>= (15)
(152 2 d= Py8 Cp fgx>
with .'the solutions
h<z>=;=(‘3 <z>+ 0, T <>+ —L L .- (16)
~1% 2 "o P8 Cp fex>
From the condition that T must remain finite for r = o, 1t follows Cr=o
For r = R T must be zero, sos
‘ 1 2
fex> = = . (17
Cl.'To(cc Pr> PsB Cp ‘
From (16) and (17)
ar [ < -
' J < ==A/P >
o™~ R r D
= f h = - 8
T <x> hgz> [1 7 <a r)] o e s (18)

and substituting this reeult in eq (9):

e T < B
p“%?[lh%ilha.:<im>}]. (19)

&
o

Tq(6) can be rewritten ass
u - i bgu ¢ LoBwu | 1
i\)Ps 3:‘2 T 9r ivps

This equation can be solved in a similar way ae eq{14). The solution that

£le

(20)

fulfils the requirements that u remzins finitq for r = o and is gzero for
= R yieldes

ar
S S T [ - (21)
Jo<o¢ > i\Pps dx
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Finally the equation of contimuity, eq (8), hae to be satisfied, thus

1 o(v.r) cipl .2
r ar Py ©X

or with the aid of the expressions (19) and (21):

[ E;Kp{l_u(l;_a-o.(—ﬁ-@))}

1 3(v.r) 1
T 2r i\?ps

¥ F<avr, >

After integration with respect to ri

. or '
oy = ) v 2 o{Ll2_ Tl .2 B I < Rﬁ’;?)
T Z %2 T 2 VP, T <aVEL>

o]

| ar
& {m 2SR
dIE a Jo<a >

From the boundary condition v = o for r = R it follows:

. 2 ot .
~ Fgx>= ha E-zp 1+ =2 <V - 32 ——Bdg 2 <>
azo 1 2 1 T <evE>|"2 2 T <a>

Due to the axial symmetrys i1t must hold that lim v = o
T-+0

This requirement is fulfilled if Fg¢x> = o, or

2 J(omfl?> Joga> 2
S .Tga\/?‘l:> - 7
z T T

- -21-13} + F'(x}]

(22)

(23)

(24)

(25)

(26)

t27)
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From this differential equation p can bes aolved asi

‘ vz Jo<cx> ' 2<a'\} >1/2 - vx J oS>
p= A exp[ T <a> {H‘ (r ~1) <rxVP' } ]+ B ex];? a, V Jo<a> %

{L -1 7 2 ‘““’21}”2]

introducing the notation

1
n o= = pretey—e
i+T"1 Tp <ONT>
UT J'O<a’QPr>

the general solution for the fluid motion in a tube yieldss

}J‘ <<x>{ ' ' (J <cx>‘
Aexp \Jx T +Bexp vx -
2< > 2( >

D=
J < o> J <---> 9% ,__Io_goc> x
u = .‘J’ = 1L EYA exp| ==\ vwrmwes -
CuU> J' <o > ao J2<cr> n
~ B exp [-‘ﬂ'\/i’i’ﬂz\/]—:‘
ao ;}‘E<a> n
v = -

r

' or .
O R O W o B B TV .
2 2 J<a>n oA/ P Jo<chPr’> nd
8

1l

oo
1 1 - Jo< R Pr>
Jo<ot ’\fPIt > p -

(28)

(29)

(30)

(33)

(34)

The constants A en B ¢an be determined after the boundary conditions at both

ends of the tube have been prescri‘bed;




1~ NATIONAAL LUCHT- EN NLR=TR AP
| RUIMTEVAARTLABORATORIUM | F.238 .5

‘Applica'éibn | _
' With the aid of the solutions (30) ~ (34) a system consisting of e
geries ‘c_o_n_'nection of ¥ tubes and N volumes (fig.2) can be treated. Mo solve

this prébiem some additional assumptions are made:

- the ﬁgé:égﬁre and the density cin: the ihstrumer}t volumes are only time

depen@éxﬁﬁ.
~ the pgéSQure expangion in the instrument volume ig a polytropic process,
, : -v |
d ibed by -k = t
esc’l.-::;e. y(a j = constant (35)
For thé £low through tube j the following expressions are valids
= A, ex X.) + B -b.X
P = Ay exp (§,%,) + By exp (-4, ) . (36)
and
o R
i ‘To<“£_i> '
= —— 2 o —— e A X - B, - .
Soe; YT, < TS g ox® (s%5) = By exp ¢ij)} (37)

Jd La,> : '
y .
where §j= aoj.w J:<cx§> 4/ 3}3 and J = 1,243, se0eol {38)

For tube J 14 holds:

at the entrances Kj = 0 8 P,

j-1 = A5 * By (39)

at the exit & Xy = Lyt Dy = Ay exp (§y15) + By exp (~¢;L,) (40)

aIR.
i Jo< r > | ' |
TN ) Bt aintl | LI S

83

- b, exp (-4 3)} (41)

and J
the mass leaving tube 3 3 mji -—~] psj uji 2% r dr =
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ki ¢ J.<o,>
LT3 2~ _
iy T<a,> {Aj exp (§,L.)
0 "}
- B oxp ( ¢ } (42)
Tor tube j+1 it holds:
at the entrance ¢ Xj+1 = 0 3 pj = Aj+1 + Bj+1 ' (43)
P I <_it_1._:1__>
u, = - 11+
jo -\Jps 341 c#‘1;}{1 .T < aj-&-l)
+ {A3+1 - Bj+1} (44)
R

J+1
the mass enteping tube j+1 s mjo = v[ Pgi+1 Yo 2% r dr
o]

, |
MR by L<fa>{, )
= 7 <a 3+1 J+1

3+1%

at the exits Xj+1 = Lj+1

= Aj+1 exXp (¢j+1 Lj+l) +

pj+1
Byyy exp (”¢j+1 Lj+1) (46)
From eq (39) and (40) it can easily be found thats:

b = v o (fE) bl e (0 - pj

YT S TR e % " o Ry - e T ta7)

and from eq (43) and (46) it followss

A - Pifl I T (- qJ1+1 1+1

J*l  exp (¢j+1 3+1) ~ exp ¢j+1Lj+l)

and Bj+1 S (¢3+1Lj+1) " Pyn1 (48)
SXP (¢j+le+1) - exD (:$j+1Lj+1)
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¥For the instrument volume it is assumed that

_ ivt
Pg + Pve P

Y - -3 .
CRE (pg * oy ERRNORE (49)

Considering small values of 3 (=pj) and p_ eq (49) can be simplified to

: k
2 3
P = 8 p I (50)
3 Oj F v

The instrument volume, corrected for diaphragm deflection is defined ams

Il,;i o VY (51)

ij (1 + G} .

The mass of air within this volume is ttentg

' . . g.e
- Py ivt ivhy %84 vt
m V%j(l +-6} 5 e )(psj v © )AJV§j(ij + 5. pj )
+ —é[—— pj e ivt). ' (52)
aokj

The variztion of mass within the instrument volume iss

dm
v ivm 1 ivt
g "t Tyy Oy 7)) pye (53)
25 3 j

The mass increase of the instrument volume mist be equal to the difference in

mass leaving tube j and the mass entering tube j+1, thus:

dm_ - :

iy
oo gy = my) e T (54)
Substituting the expressions (%2), (45), (47), (48) and (53) into eq (54)

the following recursion formula can be deriveds
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. Vv .
4 . Vi 1
Biy cos h<d>jL3> + T, (G"j + kj) n;j.d’j Lj gin h <¢JL3>+

Viisl d>j+1 L, Jo<%>  Jp<dy > sinh <P yLy>

+ : - =
th ‘Pj L3+1 Iy <> Iy <ey>  sin k <¢’j+1Lj+l>
> -1
{cos n <¢j+1Lj+l> - —%ﬁ} (55)
J .

with th = T0 R? Lj’ the wvolume of tube j.

From the recursion formule (55) the expressions for the complex ratio of the
pressure fluctuation of each tranasducer j to the sinusecidal input pressure
p_ can be derived by successivelﬁ putting j = N, F=~1, ... 2,1,

[a) \td._g

It will be noted that for j = NViast two terms of expression (55)

disappear.
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Tabla 1
Single pressure measuring systems (oalculations)
R, L Vv o5 k T o Py fig. Remarks
%
0,50 mm 500 mm} 300 mm3 0 1,4 15° ¢} 1 ata
-{0975 " n # " n i 9
1,25 " " " " " " ‘ Influence of R
0,50 1000 " n " " " and 1
0975 fn n L " fr " 10
1’25 oom " " H ] "
‘ 0,50 3000 " " " " 1
0975 L1} " 1" " 4] " 11
1,25 n " L (4] " L
0,75 11000 100 0 1,4 15 1
i " 300 n " " " 12 | Infidence of T
" L 1000 t L{] " i} :
0,75 1000 300 0 1,4 15 1 Influence of X
" ir " " 1’0 n t 1‘3
0,75 1000 300 0 1,4 15 2
1] 1" i " n L1} 14 Influence Of ps
(1] " " f1 " L1 075
0,75 1000 300 0 1,4 0 1
" " " " o 30 1 15 {Influence of T,
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Table 2

‘Systems with discontinuity in tube radius (calculations)

.Ll mm L2mm R1 mm ‘Rgmm vv
250 750 0,75 | 0,50 0,75 1,25 ‘v%z
250 750 0,50 | " " - A
500 500 0,75 " " 1,25 | k,
500 500 0,50 " "
750 250 0,75 " " 1,25

Table 3

Single pressure measuring

]

300 mm

0

E 1’4

- standard sea level

conditions

systems (caloulations and experiments)

L mm- R_ mm
m
500 0,525
1000 0,49 V_ = 285 mmo
1000 0,795 G = 0,02
1000 1,09
3000 0,70
3910 0,965
Table 4

Systeme with discontinuity in tube radius (cazlculations and experiments) -

! Lo le Ron
500 mm 500 mm 0,525 nm ‘0,79 mm
500 500 0,79 0,525

g™

i

285 mm
= 0,02
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Pig.1,2,3.

1

|

. —_—— — T T 4 V
o/ - r
. - . ” . i

Fig.l1 Co—-ordinate system.

VOLUME =V, ( 1+ B eint)
- /i s

1 2 Jot j Jot N
/LT
! |
. ) 2R;
R+P, e/ - / LY
L
&+@e”t

Fig.2 Series gonnection of tubes and transducers.

VOLUME=Y,, (147 g’— &)
S .

2R

R*R, efvt

~

N

L e R+ R et

¥

Fig.J3 Singlé _'_pressura measuring sysatem.
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R+pePt Ps +Pye !
2R, \ 2R, )
@+OEWt L y
- Ly Lo B
I"'.
- P ] ! -
0 TV (1+ 0, pre’™t . 2 ist
VOLUME:V, (1+dype’™) VOLUME . VVE(HO;PSe )
Fig.4 Double pressure measuring system.
%;o @+Eefl’r
2R, 2Rz VV2(1+U?—ef’)tJ
R+Belt n s
L Ly 1 Lo
| !

Pig.5 Tube with discontinuity in tube radius.
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I MAGNITUDE n

14
MAGN n
. _-,
L]
/ PHASE ANGEE n
12 4 8° :
/4‘\ 6
11 / T PHASE n 4
/ 2
10 / . 0
0 2 4 6 8 Vgg
. GVA
i

Fig.6 "Polytropic" factor n as a function of °“V r

e
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UNKNOWN VOLUME Vi (1 ﬁﬂﬂP:-Pi )
S

Hho

7 A

NSNS NN

I 777777 7 2 2

1,2, MERCURY DROPS

Fig.7 Test set up for the determination of Vv and G .
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Fig.8 Block diagram of equipment.
TRANSDUCER 1
ELECTRO =1
DYNAMIC
PRESSURE M
GENERATOR
PRESSURE LEAD |
TRANSDUCER 2
POWER
AMPLIFIER
J
PROGRAM SWITCH— — —
AMPLITUDE |
CONTROL I
I
o° VECTOR |
gsg EZ‘QS?%R COMPONENT AMPLIFIER }
'90° RESOLVER i
, |
IN PHASE IN QUADRATURE
CONTROL UNIT
1
SWITCH — b—— e — e .
|
|
|
pie(tAL  } ;
VOLTMETER |
|
|
|
|
|
l
] |
PRINTER —— PUNCH — [~~~ ——— -
|
L _
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Fig.9

6.0

4.0

2.0

50

100

150

200

0
250

Fig,9 Influence of tube radius R on the dynamic response.

AMPLITUDE R}_' 1o STANDARD SEA LEVEL CONDITIONS
L =500mm
_ VV=3UOnwn3
\ K'=14,d=0
////// R=1.25mm
% NI75 N
R 0.50 \\m
50 100 150 200 250 300
i 125 mm ——= FREOUENCY (CPS)
\0.75
0.50 \
\s\
PHASE~LAG
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Fig.10

]

Pig.10 Influence of tube radius R on the dynamic response.

40 A
AMPLITUDE-RATIO STANDARD SEA LEVEL
CONDITIONS
L=1000mm
Vy=300mm?
k=14 C=0
3.0
R=1125 mm
20 - /\
1.0 \ BN \
"-‘___ﬁ'_—__'__.—-
-‘_-——______.._.—a—m—m
—
0
No 700 7150 200 250 300
R<1.25mm — = FREQUENCY (CPS)
.50NQ7.
h \ \
200 \\\
\ \\
300 \ \
= \\
400°) \
PHA SE-LAG » \
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Fig.ll Influence of tube radius R on the dynamic response.

AMPLITUDE RATIO.

STANDARD SEA .LEVEL CONDITIONS |
N

2.0
L=3000mm

%= 300mm®|
k=14;0=0

1.5 F—=

1.0¥

05

—
—
=
250 300
——eFREQUENCY (CPS)

150 200

250 \\\
o050
750 T \x \

l ‘ NN

1000° _PHASE-LAG \\




NATIONAAL LUCHT- EN NLR-TR fie.12
RUIMTEVAARTLABRORATORIUM F.238 ' 18-

Fig.12 Influence of pressure transducer volume Vv on the dynamic response,

AMPLITUDE-RATIO

| o STANDARD SEA LEVEL CONDITIONS
: m o ' L1000 mm
2.0 : . { : : - R :075mm
' " k=14,0-0
K 2100 mm?
\ -
1000
15
1.0 :\\\
05
;

50 100 150 200 - 250 300

mim FREQUENCY (CPS)
100 \ W, 2100 mm3

200

400" PHASE-LAG

S
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Fig.13

AMPLITUDE-RATIO

Fig.1l3 Influence of polytropic\ conatant k on the dynamic response,

PHASE -LAG

STANDARD SEA LEVEL CONDITIONS
20 L=1000 mm .
V= 300mm?
R =075 mm
: : G=0
k<14 (ISENTROPIC)
" 10 tsoTHERMAD
15 S
\ A\
1.0 Y \ it <
NN // 1
\b/ \
\____ \
\\\\ .
~ B
05 S—
100 150 200 250 300
) et FREQUENCY (CPS)
i
\\ k14
100 A\ 1.0
N
L
—
S
200 NG
N
N
N
N\
300 \§
\
\
™~ ~
g
o
(s} \\
400
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Fig.1l4

Fig.14 Influence of mean pressure on the Ey'“namic response.

T AMPLITUDE -RATIO

40
L =1000mm
V, = 300mm?
R =075mm
f\ k=14 G0
Y . Ts :15°C
3.0 -
e \
h \ A:=2ala
latg
N ) e
20 \ o
1.0 -
)

100 150 200 250

100

—~—e FREQUENCY (CPS)

300

200

300

l4oo°
PHASE-LAG
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Fig.15

Fig.15 Influence of mean temperature on the dynamic response. .

AMPLITUDE-RATIO

20

15

1.0

05

50 100 150 . 200 250

100

——®= FREQUENCY (CPS}

300

200

300
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Fig.16 Influence of R2 on the dynamic response of a double pressure

measguring system.

AMPLITUDE-RATIO

T

20
4"/’.

Ra =125 mm

R‘?:RI:D.?S- .

2R,

2R,

- )
—

250 l
1000 mm

o

STANDARD SEA LEVEL CONDITIONS

V, =300mm>’
g =0

k =14

Ry =075mm

Ra=0.50

/N

\
\
\
~.\

N\

A Ty s i m——

0.5

~

«

250

300

—= FREGUENCY (CPS)

100

RyE125mm
R23R1'—'O. 75
~~ o R050
Pras

200

300

4007

PHASE -LAG
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Fig,1 Influence of R, on the dynamic. remponme of a double pressure
2

measuring system.
r

1

[ AMPLITUDE -RATIO

A

STANDARD SEA LEVEL CONDITIONS
2Ry 2R,

<0 1 e V,=300mm*
¥ =0
- 500 CLH
h / \ 1000 mm Ry=0.76mm
N\ o |
" 17N | |
| / R=0.50 mm ! n
/ o
Y/ Ro:R;:075 .
{4 4
Y/ Ro:1:25
e
10 T
05

100

150 200 250 300
— FREQUENCY (CPS)

\
100 N
AN

200

300

400 PHASE-LAG
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Fig.18 Influence of R2 on the dynamic response of a. double pressurs
measuring sysiem.
§AMPLITUDE-RATIO
' /'\\ STANDARD SEA LEVEL CONDITIONS
\ 2R, ( V,°300mm3
2.0 2 2 v
ERf — g:n
' 750 ] (=14
1000mm . Rp0.75mm
N
\\
/‘% \___/
// "\\\\
'N-.._.____‘____,.--
\Q
"-.__.".‘-.*--——-
100 150 200 250 300
— == FREQUENCY (CPS)
100

200

300

400°F PHASE-LAG
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Fig.'lﬂ ‘Influence of restrictions at the entrance and at the end of the tube]

AMPLITUDE -RATIO | T STANDARD SEA LEVEL CONDITIONS

I . _/\_\ _ _ R=075 I]
20— ,f\\ | R AR R iﬁ—d——_LM_] V= 300mm®
s M | Re0S0 RF07S[ 670
" A Jig . I ' k .
i ) k=14
l/ \\/ A
0 .
~ 50 100 . 150 200 - 250 300
‘ \ . —~ FREQUENCY (CPS)
> A o . .
\‘ N '
A
N
100 <N
.
. \. .“
200 o
300 . \
o NS
S &
\\M\
o~ S
l NN
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Fig.20

Fig.20 Influence of restrictions at the entrance and at the end of the tubel.

¥ ] i
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Fig.2]
meaguring system.

AMPLITUDE-RATIO

Experimental and theoretical results for a single pressure

R:

R;0525mm
THE ORY
——— — Rs0.500
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 AAMPLITUDE-RATIO.. ~ =

T~ Re:048

——— R:Ry7 0.49 mm} THEORY ,

. © EXPERIMENT

180 o 200
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Fig.23 Experimental and theoretical resulis for a single pressure
- measuring system. '

AMPLITUDE-RATIO

——— R=Rz0.785 mnr7 -
— = R.,,0765
O EXPERIMENT
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150 200
e FREQUENCY (CPS)

\'\ Rnr0.795 mm
L =1000 mm
\ V=285 mm?3
=002
k=14

100
t=24°C
Ry =10499 kg/m?

150

200

250° R PHASE-LAG




"NATIONAAL LUCHT- EN

RIR-TR .
Fig.24
RUIMTEVAARTLABORATORIUM .F' 238
Fig.24 Experimental and theoretical results for a single pressure
measuring system. ' o
AMPLITUDE-RATIO
40 {
: Re=Rni 109 mm ‘
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30 o EXPERIMENT _______ |
7
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Pig.25

Pig.25

. AMPLITUDE-RATI

Experimental and theoretical results for a single pressure
measuring syetem.

oy
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Pig,26 DLxperimental and theoretical results for a single pressure
measuring system.

AMPL{TUDE-RATIO

!
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Fig.28 Experimental and theoretical results for a double pressure
measuring system.
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